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We extend some relations between percolation and the dependence of Gibbs
states on boundary conditions known for Ising ferromagnets to other systems
and investigate their general validity: percolation is defined in terms of the
agreement of a configuration with one of the ground states of the system. This
extension is studied via examples and counterexamples, including the
antiferromagnetic Ising and hard-core models on bipartite lattices, Potts
models, and many-layered Ising and continuum Widom-Rowlinson models. In
particular our results on the hard square lattice model make rigorous observa-
tions made by Hu and Mak on the basis of computer simulations. Moreover,
we observe that the (naturally defined) clusters of the Widom-~Rowlinson model
play (for the WR model itself) the same role that the clusters of the Fortuin—
Kasteleyn measure play for the ferromagnetic Potts models. The phase trans-
ition and percolation in this system can be mapped into the corresponding
liquid-vapor transition of a one-component {luid.

KEY WORDS: Percolation; Gibbs measures; nonuniqueness; anti-
ferromagnets; hard-core models; Widom-Rowlinson continuum model.

1. INTRODUCTION

The low-temperature phases of matter can generally be thought of as small
thermal perturbations of corresponding ground states. This is particularly
simple for the case of a classical lattice system whose configuration is
specified by {o(x)} with x on some regular lattice %, and o(x) a spin
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variable taking one of a finite number of values for each x. Given a local
interaction having a finite number (greater than one) of periodic ground-
state configurations (PGSC), we can then take these PGSC as boundary
conditions for the Gibbs measures in 4, i.e., consider the Gibbs distribution
at inverse temperature § with boundary conditions given by a PGSC on
A€, the complement of some finite box A (see Section 2 for precise defini-
tions). For fixed 4 and >0 the boundary condition has a definite
influence on the probability distribution of the spins in the bulk of 4. In
particular, in the limit §.7 oo, the Gibbs measure in A4 becomes concen-
trated on the extension inside A of the PGSC imposed outside 4. We are
interested in knowing whether this influence persists for § large but finite
when we take the volume A to be macroscopic. In other words, is there an
ordered state in the infinite-volume (A4 %) system depending upon the
PGSC imposed as boundary conditions on the finite box A?

If there is such a memory of the state with respect to boundary condi-
tions at infinity, one sometimes calls the corresponding ground state ther-
mally stable. The well-known Peierls argument provides such a result for
the ferromagnetic Ising model and the Pirogov-Sinai theory?”’ and its
extensions study the genericity of this scenario. Under certain conditions,
e.g., when there is a finite number of thermally stable periodic ground
states, Pirogov-Sinai theory allows one to construct the low temperature
phase diagram of the system (for review see Sinai, 32) Zahradnik,*®
Bricmont and Slawny,® and Slawny©®*). ‘

In this paper we investigate the geometric or percolation picture of
this memory effect, considered by many authors,3*!316) to make precise
the intuition that the influence of the boundary conditions must propagate
via “interacting sites” from infinity to the center of the system in order to
be relevant there. We are thus led to the question: in what sense is the
finite-temperature state corresponding to a ground state accompanied by
the presence of an infinite connected cluster on which the PGSC is
realized? This question is fully answered at sufficiently low temperatures
where the proof of the existence of different phases, determined by different
PGSC boundary conditions, via the Peierls argument or Pirogov-Sinai
theory actually proves that in each such phase there is such a cluster and
there is no infinite cluster on which another PGSC is realized. Our interest
here is therefore primarily the extension of well-known low-temperature
results to higher temperatures where the Peierls and Pirogov-Sinai
arguments fail. We are particularly interested in the question of whether,
for two-dimensional systems, the existence of an ordered state at a finite
temperature which corresponds to a (thermal) perturbation of a ground
state is equivalent to the percolation in this state of that and only that
ground-state configuration. This is known, for example, in the case of the
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standard ferromagnetic Ising model without external magnetic field. As
we show below, this picture extends to other models such as
the antiferromagnetic Ising model, the hard-square model, and the
Widom-Rowlinson model. A weaker statement is proven for the Potts
model. However, we will also give examples (see Section 3.6 below) in
which the existence of an ordered state does not imply percolation of the
corresponding ground state.

We emphasize that our setup is different from that in the Fortuin—
Kasteleyn representation. Here the percolation clusters are defined directly
in terms of the Gibbs state configuration. Therefore in general we do not
expect to have direct relations between, e.g., correlation functions in the
Gibbs state and corresponding percolation probabilities. Still we will see
that for the model in Section 4 such a relation can in fact be established.

In the next section we present the general framework. This is
implemented by the examples of Section 3 in the case of lattice systems.
Section 4 is devoted to the continuum Widom-Rowlinson model.

2. GENERAL FRAMEWORK

We present the notation here in the case of lattice systems. The con-
tinuum model is contained in Section 4.

The Lattice. We restrict our attention to the d-dimensional lattice
79 d=2. This restriction is made for notational convenience and possible
generalizations will be noted later. By x ~ y we mean that x and y e Z¢ are
nearest neighbors. Given 4 < Z¢, 34 will denote the outer boundary of 4,
ie., 04 ={xeZ"\A: y ~ x for some y € A}. In the sequel A is always a finite
subset of Z“.

The Configuration Space. The single-site state space is denoted
by S and it contains a finite number of elements (|S|=g). An infinite-
volume configuration o= {g(x)} .« is an element of Q=S%". A con-
figuration o is periodic if there is a vector (k,.., k,) € Z¢ with nonzero
entries (k; #0, i=1,..,d) such that if y=x+(nk,,..,nsk,;) for some
(n, ..., ny) €Z7 then o(x)=o0c(yp).

The Hamiltonian and Its Ground States. The translation-
invariant Hamiltonian H consists (for definiteness) of the nearest neighbor
interaction U: § xS — R and the self-energy V: S — R

H(o)=H(o;J,hy=—J Y, Ula(x),06(y))—h}) Vie(x)) (2.1)

X~y x
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in which the infinite sums are formal. The real parameters J>0 and # in
(2.1) play the roles of a coupling coefficient and magnetic field (or chemical
potential).

Consider o, 7 € 2 such that a(x) = 5(x) for all x e Z¢\ 4, for some finite
A< 79 Then o and 5 are said to be equal at infinity or one is an excitation
of the other. Their finite relative Hamiltonian H(o | #) is then

H(o|m)=—J ), [Ua(x), o(y)— Uln(x), n(y))]

X~y

—h Y [Wa(x))— V(n(x))] (2.2)

in which the sum is now only over a finite number of terms. A configura-
tion # € Q is a ground state if H(c | n) = 0 for any excitation o of #. The set
of periodic ground-state configurations (PGSC) is denoted by g(H). We
always consider the case |g(H)| > 1.

The Gibbs Measure. Take ye g(H). The finite-volume (A) Gibbs
static with x boundary conditions is the probability measure on the
product space S* defined by

1
=——exp[ —BH(d", 2.
5 Pl BHL M) (23)

for 0,5 In (23), >0 plays the role of the inverse temperature,
Z [ B, n) is the normalization constant, and

/‘Zc, A04)

o 4(x) if xed

n(x) if xedA°=7\4 (24)

(x) ={

Observe that o7 is an excitation of #. The infinite-volume Gibbs measure
M} is obtained by taking the limit as A4 Z¢ along suitable subsequences: 7y,
is a measure on £ endowed with the product sigma algebra (for details see
Preston,®® Georgii,''® and Simon‘*"). We remark that in general the
limiting measure 4} may depend on the subsequence; however, it is well
known that this does not happen for a wide class of models at low tem-
perature (in the realm of the Pirogov—Sinai theory) and in the cases we are
going to consider we will show that u% does not depend on the sub-
sequence. We thus restrict ourselves to this case. By phase coexistence at f
we mean that uj+# uj for some 5, o € g(H). In general we will say that u,
is a Gibbs measure for the interaction U, ¥ at the temperature f~' if for
all finite connected subsets A, uy(c|a(x)=n(x) for all xeZN\A) =
exp [ —BH(a% | n)1/Z A B, n) for all o 4, p,dn)-as.
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Agreement with the PGSC. To understand the geometrical
structure of such phases fix neg(H) and the continuous map s,
Q—»{O 1}% (@ and {0, 1}Z* are endowed with the local topology)
expressing agreement or disagreement with the ground state #

1 if o(x)=n(x)

0 if o(x)#n(x) (25)

(s,(0))(x) = {

We denote by vi,’,=,u}s,7‘l the measure on {0, 1} 2% induced by the map s,,.

Percolation of the Ground States. Percolation is defined in
terms of regular site percolation for the measure v%: for se {0, 1} Z¢ define

C(s,a) ={xeZ* s(x)=a} (2.6)

in which a=0, 1. Call C(s, o) the maximal connected component in (2.6)
containing the origin of Z¢ [ C(s, )= & if s(0)#a]. The probability of
n-percolation (respectively non-g-percolation) in the phase with boundary
condition # is defined as

O3(a) = vi({s: |C(s, 2)] =c0}) (2.7)

with a =1 (respectively o =0). We have y-percolation, or agreement per-
colation, (respectively non-y-percolation) if 6%(1)>0 [respectively
07(0)>0]. Observe that not having z-percolation in general does not
imply having non-y-percolation, and having x-percolation does not imply
not having non-#-percolation.

Attractive Measures. If Sis (partially or totally) ordered (=),
is partially ordered () by defining o' > if 6'(x) > o(x) for all x € Z% The
order chosen for S may depend on the site x and, in the case of S= {0, 1},
we will call standard order the one induced by setting 0<1 for all x. A
measurable event A4 is said to be increasing if €4 and ¢’ >o implies
o' € 4. A measure u on £ is attractive (FKG) if u(A4 n B) = u(A) u(B) for
all 4, B increasing events.'¥ Given two measures u and u', we say that u
dominates y' if for every increasing event A4, u(A)>=u'(A) (this is the so
called FKG order of measures).

We will consider the validity of the following three statements:

(a) Phase coexistence implies percolation, i.e., given 5 e g(H), then

up#uy forsome n'eg(H)=03(1)>0 (2.8a)
(b) When d=2, percolation implies coexistence,

0%(1) >0 uj #uj for some #'e g(H) (2.8b)



1384 Giacomin et al.

(c) For d=2, regardless of the phase coexistence, there is no dis-
agreement percolation,

63(0)=0 (2.8¢)

For the models we will be dealing with, if d> 2, the statements (2.8b)
and (2.8c) fail or they are expected to fail (see Aizenman et al‘''’ and
references therein). Statements (2.8a)—(2.8c) represent the best possible
scenario, in which phase coexistence and percolation are equivalent. We
stress once again that this scenario is not going to hold in general and we
will produce counterexamples (even in d=2}).

A tool in proving (2.8a) is the following:

Theorem 1 (Bricmont et al.'”!). In the notation of above, if
there exists a bounded function f: S — R and a constant § such that

J, /(e(0) uptde) > 5 (2.9)
while for all finite connected sets A containing the origin
J f(o(0)) uj(do | s,(x)=0forall xedd) <o (2.10)
Q

then 3(+1) >0, ie., there is agreement percolation.

Proof. This is just Theorem 2 of Bricmont et al.'” with a change of
notation. |

In proving (2.8b) and (2.8c) we use the following theorem. Define
T;0(x)=o(x—e,), where e; is the unit vector in the direction ie {1,..., d}.

Theorem 2 (Gandolfi et al.!"s!). If x is a measure over {0, 1} 2’
which is attractive (with the standard order), invariant and ergodic under
T;, i=1,2, and invariant under reflection with respect to each axis, then if
u{s: 1C(s, a)| = 0}) >0, then u({s: |C(s, 1 —a)| =00})=0 for =0, 1.

This theorem can be quite easily extended to cover more general cases
than site percolation. In particular we will also use it in the absence of T
invariance if the measure is 77 invariant and ergodic (i= 1, 2). Further-
more, we will apply it to the case of bond percolation (see Section 3.4) and
for continuous systems (Section 4). We will make the necessary remarks on
the way.
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3. LATTICE MODELS

As already mentioned in the introduction, the case in which
S={—1, +1}, Ula, b, )=ab, and h =0 (ferromagnetic Ising model) is well
understood. In this case g(H)={y,,n_} [ni(x)=+1, xeZ‘ and
n_=—n,] and for f>f. (1/B. is the critical temperature) there are two
distinct translation-invariant extremal states obtained by taking #, and # _
as boundary conditions and the proof of the statements (2.8a)—(2.8¢) can
be found in Coniglio et al.''?

3.1. Ising Antiferromagnet

Z%is bipartite, that is, it can be split into two sublattices (in this case
the points with even sum of coordinates Z7 and the ones with odd sum Z¢)
such that if x, ye Z¢ (or x, ye Zg), then x + y- Fix S={—1, +1} and
take

Ula, b)= —ab, Via)=a (3.1)

If |h| <2dJ, then g(H)={n,,n,}, in which n(x)=+1if xeZ?, n,(x)=0
otherwise, and #,= —#, (see, for example, Dobrushin et al."!?). The phase
transition in this model has been studied by Dobrushin''” and
Heilmann.'® Because of the bipartite structure, flipping the spins on the
even {or odd) sites makes the model into a ferromagnetic Ising model with
a staggered magnetic field, which is an FKG Gibbs model. In particular for
magnetic field # =0, there is the usual Curie point T, (the critical tem-
perature for the ferromagnetic model above). In other words pj [as well
as 47 and any other Gibbs state with respect with the interaction (3.1)] is
an FKG measure with respect to the order relation ¢ > o' iff o(x) 5.(x) =
o'(x) n,(x) for all xeZ? A standard attractivity argument on the finite-
volume Gibbs measures implies that % and uJ are well defined (independ-
ent of the way the infinite-volume limit is taken) and that if u; is a Gibbs
measure with respect to the interaction (3.1), then uj <p,z<uf. For a full
account of these arguments see for example, Section 9 of ref. 28.

Proposition 3.1. With the choices of (3.1) in (2.1), for any » and
any J >0, statements (2.8a)-(2.8¢c) hold.

Proof. We start by proving (2.8a). Take # =#,. For any 4 contain-
ing the origin, we have that if uj#up

vi(s(0)=1]s(x)=0forall xedA)
=puk(a(0)= +1|a(x)=n,(x), for all x € 04)
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=uf(o(0)= +10a(x) =7,x), forall xe 04)
<u(a(0)=+1)

<pi(o(0)= +1)

=V(s(0) = +1) (32)

The first equality is a change of notation, the second one is the Markov
property, and the last one is again a change of notation. The first inequality
follows from the attractivity of the measure . The second one is a conse-
quence of uj <uf, which implies that p%(c(0)= +1)<uj(a(0)= +1)
and of the fact that if uj(a(0)= +1)=pf(c(0)= +1), then uf =puj (see
Theorem 1 in ref 24), in contradiction with the assumption uj #uj. By
Theorem 1 we have (2.8a).

In order to go on with the proof, let us make the following observa-
tions [in what follows, if a statement contains the configuration #, it means
that it has to hold for each e g(H)]:

1.

u% is T} invariant. This follows from the fact that uj is the
monotone (by FKG) limit of a finite Gibbs state for the T,?-
invariant boundary condition # and a T?Z-invariant interaction (in
fact T, invariant).

wi=upT> 1, as it follows easily form the definitions and the fact
that the infinite-volume limit is well defined.

u}y is reflection invariant (with respect to each axis) because the
interaction and the boundary conditions are reflection invariant.
Also v} is reflection invariant.

wpis T? ergodic. In fact, by the observations on the FKG proper-
ties of uj made before stating the proposition, it is extremal in the
space of TZ-invariant Gibbs measure for the interaction (3.1) at
the temperature 8" and hence ergodic under T? (i= 1, 2).

vh is T? invariant. This follows from the fact that T %s, T} =s,
and observation 1, because

-1 —2.,—=172 —1 2 2
vi=ugs, =pupT "s, Ti=pps, TiviT;

vy is T} ergodic. In fact, if 4 e 2({0, l}zd) (is a measurable set)
and A=T; 24, then s 'A=T}s 'T 7 ?A=T}s; ' A, that is,

sy 4 is T? invariant. By observation 4 we conclude that vi(4)=0

or 1, that is, ergodicity.



Percolation and Phase Coexistence in Gibbs Systems 1387

7. If pp=uf, then uj is T, invariant. This is a direct consequence of
observation 2.
8. vir=vT ' This follows from the fact that s, =T;s, T;' and
observation 2, because
vie=ples =pl T, 'T =ples ' T =vpeT !

iYpy L
9. Define S:{0,1}Z'>{0,1}% as (S(s))(x)=1-s(x), for all
5€{0,1}?" and all xeZ If uJ=p%, then v4S~'=v%. This
follows from the fact that Ss, =s, , because
vEST = pps, ST =ufs, =i

Let us now fix d=2. By observations 3, 5, and 6, we see that v/, meets
the requirements for Theorem 2, but 7, is substituted with T,.f. It is
straightforward to modify its proof and extend the statement to the present
case (as already observed by Klein and Yang'®?).

To prove (2.8b) it suffices to show that if u}=uf, then 6%(1)=0. if
07%(1) >0, then, by the modified version of Theorem 2, 8(0) =0. By obser-
vation 9, this implies that 8}(1)=0, which is absurd by observation 8.
Hence 8%(1)=0. So (2.8b) is proven. Observe also that in this case not
only 87%(1)=0, but also 85(0)=0

In order to prove (2.8c), observe that we can restrict ourselves to the
case in which ule# ujr, because the other case has been considered above.
In this case it is enough to recall that, by (2.8a), #3(1) >0, and hence, by
the modified version of Theorem 2, 6}(0)=0 and this concludes the
proof. [

The results of Proposition 3.1 can be extended to more general bipar-
tite lattices.

3.2. Hard-Core Lattices

The hard-core (or hard-squares) lattice model with activity 4 is
defined by the infinite-volume limit (A4 »Z“) of the measure y, , on the
product space {0, 1}

x(o7) AN

Z (4, A) (3.3)

ui,A(aA) =
In (3.3), ye{e, o} and 7,(x)=1 if x is even, n,(x)=0 if x is odd [7,(x)=
1 —n.(x) for all x]. further, N,=X .. ,0,(x) and ¢% is defined in (24);
Z.(y, A) is a normalization and for o€ {0, l}zd

1 if o(x)o(y)=0 forall x~y

34
0 otherwise (34)

x(o) ={
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Fig. 1. A portion of a configuration of the hard-square lattice gas. The squares centered on
odd sites are darker than the ones centered on even sites. In this figure there are three odd
clusters and two even clusters.

Hence the model can be seen as a gas of hard (i.e., nonoverlapping)
squares (see Fig.1) or diamonds with fugacity A Call C(n)=
U.\': nx)=1 Q(x) [Q(X) = {yE Rd: ;I=l Iyi_xil = 1} ] and den()te by CO(”)
the connected component of C(#) that contains the origin (two squares
touching at a corner are connected; see Fig. 1). There are clearly two dif-
ferent types of connected components of C: the ones for which the squares
are centered on even sites and the ones for which they are centered on odd
sites. We will call them type e and type o clusters, respectively. For
», 0€{e, o} define

6%(8) = p({n: Co(n) is of type 5 and unbounded}) (3.5)

(3.5) is clearly the analog of (2.7).

The hard-core model can be seen as a limit of the antiferromagnetic
Ising model for § — oo and h — 2dJ along f(h—2dJ)=cotan 8 [0 (0, n)].
The phase diagram point (2dJ, = + oo} is highly degenerate, since there
are infinitely many (in general nonperiodic) ground states. In this limit,
map ge{~1, +1}Z' 55 {0,1} %' by setting 5(x)=1 if o(x)=—1 and
nix)=0 if o(x)=+1. We get a hard-square model with activity
A=exp(—2cotan #) (see Dobrushin et al''? for details. This picture
suggests that the critical fugacity (if it exists) should correspond to 8, (see
Fig. 2). We rephrase (2.8a)—(2.8c) into the following result.
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1/]

Fig. 2. The expected phase diagram of the antiferromagnetic Ising model for d=2. The
shadowed area is the region of phase transition (this is only a qualitative diagram). The hard-
square limit is obtained by taking J — co along the line with slope tan(f) shown on the figure.
The phase transition for the hard-square model is expected to happen at 8=40,.

Proposition 3.2. For the hard-square model,

ui#ug=03(e)>0 (3.6a)
Moreover, if d=2,
(e)>0<w pf#us (3.6b)
and
05(0)=0 (3.6¢)

Proof. Define the partial order #'>n if #'(x)=n(x) for xeZ?
and #'(x)<#n(x) if xeZ? It is easy to check that u, , and its infinite-
volume limit are attractive. The proof is then the same of the one of
Proposition 3.1. |

Remark. The motivation for Proposition 3.2 was provided by the
work of Hu and Mak®%2" in which a similar result is conjectured on the
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basis of computer simulations. They discuss also the case of hard-core par-
ticles on a triangular lattice, the hard-hexagon model.?*2" Our result
extends easily to other bipartite lattices, such as the hexagonal one. The tri-
angular lattice with nearest neighbor bonds is not bipartite, so our proof
does not work. In view of refs. 20 and 21, one expects that Proposition 3.2
still holds for this model, but it is unclear to us, especially in view of the
results of the Section 3.4 on many-layer Ising models, whether Proposi-
tion 3.1 (d=2) holds for the whole domain of coexisting phases of the
antiferromagnetic Ising model on the triangular lattice [in this case, for
he (0, 6J), g(H) contains three configurations].

3.3. Many-layer models

Given a model with configuration space {—1, +1}%° and
Hamiltonian H,, we can define a family of new models indexed by integers
Q>2. Take S={—1, +1}2 so that the infinite-volume configuration
is of the form ¢=((ay,.., aQ)ESZ [to be identified with
{—=1, +1}%x ... x{=1, +1}%' (Q copies)]. Define the formal
Hamiltonian as

2
H(&) =}, H\(o) (3.7)

i=1

so that for boundary conditions @ = (77,,... o) g 4 =K1 g 4% -+ XU% 4
(where the subscript 1 refers to the system with Hamiltonian H,) is the
finite-volume Gibbs state with respect to H. Observe that g(H)=(g(H,))?
(with the previous identification).

Duplicated Ising Model. Take Q=2 and H, as in (2 1), charac-

terized by U(a, b)=ab and h=0. As observed before, g(H,)={n,,n_},
and so g(H)={w, ,,0,_,0_,,0__}, where v , —('7+,'7+) and so
on.

Proposition 3.3. For the duplicated Ising model, statements
(2.8a)—(2.8c) hold.

Proof. We consider only the case n=w , , in (2.8). The other (three)
cases are entirely similar. We want to estimate the expectation value of the
sum of the spins at the origin given that &(y)=(o,(y), 6,(y)) #(+1, +1)
for yedA. In that case o,(y)+0,(y)<0 for yedd, so that, with the
notation u(o(0)) = [ 6(0) u(do), we have
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#g**(01(0) +05(0) | 5., ,(£)=00ndA)

1
T 15 (5., (E)=00n04) L

gy ohe{—1, +1}4

{x(c} +05<0)

x [14(01(0) | 01 =0 on 04) +p77)(05(0) | 6, =0’ on 04)]
X (E(x) = (}(x), 03(x)), x€24)} <0 (38)

as it follows from the fact that

[u1%4(01(0) | &, = 0% on 84) + u7*(05(0) | o5 = o'y on 04) ]
<[H37(01(0) | 6, =0 on 84) +p]44(0(0) | 6, = —a' on 94)] =0

in which the inequality follows from the FKG property and the last term
vanishes by symmetry. On the other hand, if u7*, # u7,

#y**(04(0) +05(0)) =2m*(f) >0 (3.9)

Apply Theorem 1 to get (2.8a) [note that for the case  =w , _ one has to
work in (3.8)-(3.9) with the differences ¢,(0) — 05(0) instead ]. With regard
to (2.8b) and (2.8c), it is straightforward to see that vy++ =,u‘/‘,’++s;+1+ is

reflection invariant, ergodic under translations, and attractive. Hence we
can apply Theorem 2 and get (2.8b) and (2.8¢c), as we did before. |

Remark. Note that as the phase transition is second order
[u7ip(a(0)) =m*(B) is continuous at f= ], the density of (+1, +1) just
below the critical temperature is only slightly above 1/4 and still the
(+, +) spins percolate in the ( +, + )-state.* In the same way, the density
of sites x € Z> where (0,(x), o0,(x)) #(+, +) is there only slightly below
3/4 and still, in the ( 4+, + ) — state, they do not percolate.

The question therefore arises whether one can go arbitrarily far and
construct examples where there is percolation for arbitrarily low densities
or where there is no percolation no matter how large one makes the den-
sity. Such examples in fact exist (see, for example) Molchanov and
Stepanov(®®)), but they are rather singular. It may well be that a minimum
density for having percolation actually exists for good Markov fields.

Conjecture. Given Q=S% (|IS]=g<o0), there is a constant
¢(d) >0 (independent of g) such that for any translation-invariant pure
Gibbs state # on 2 for some translation- and rotation-invariant nearest
neighbor interaction, if u(a(0)=a)<c(d), then {x:a(x)=a} does not
percolate (a € S).

* The threshold for Bernoulli site percolation on Z* is about 0.59.
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In particular, we know of no such Gibbs state in two dimensions
where one has percolation of a spin value with density less than 1/4. We
believe, for example, that there is no (+, +, +) percolation in the tri-
plicated +1 state u "y xu;" ; x " ; at temperatures close to the critical one.
Obviously, in the conjecture, c¢(d) - 0 as d —» oo [as does p(d), the critical
percolation probability for Bernoulli percolation ].

A result in the direction of the conjecture is the following.

Proposition 3.4. Take H, of the ferromagnetic Ising model
[ U{a, b)=ab] with h=0. Take any f, including £ > .., for which there is
phase coexistence. There is Q(f, d) such that for all Q= Q(f, d)

9;}(1):0 (3.10)
for any we g(H).

Proof. By direct computation

' _ 1 e
mé?xllp((sm(f))(x)=1 [ E(y)=¢'(y) for y~x)—<m> (3.11)

We can now take Q sufficiently large so that

1 Q
<m> <pdd) (3.12)

A standard domination argument concludes the proof {if d=2, by using
p(2)>1/2 and B,=(1/2J) log[ 1 +(ﬁ)], we get that there is a > 0 such
that if Q =24, there is no percolation of the pattern w if f=.+46}. |

Hence we have an example in which the measure is attractive, but
nevertheless phase coexistence does not imply percolation. Of course
Proposition 3.4 also holds for the many-layer version of other Markov
fields.

Remark. 1If in pg+- there is with probability one some circuit 94
around the origin on which the two coordinates agree, i.e., o,(y)=0.(y),
yedd, then ul*,=u’l-, (the effect of the boundary will be clearly canceled
by conditioning on the circuit 94). In other words, if uj* #uj}- (respec-
tively, u7'; # u’' 5 for ny, n, € 2), there must be disagreement percolation in
pg*- (respectively in uf',xu7 ) in the sense of van den Berg™ (see also
van den Berg and Maes'® for another coupling). Here disagreement per-
colation means that there is an infinite cluster on which o,(x) # ¢,(x) [and
does therefore not correspond to the notion introduced in (2.8¢)].
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This is applied in van den Berg and Steif®® for the hard-core model of
above. They take independently two realizations (¢, ¢,) according to the
product coupling u$xu$. A site xeZ? is a site of disagreement if
o,(x) #0,(x). They prove that u§=u4 if only if uéxu$({s,,0,) has an
infinite path of disagreement})=0. Using our general formulation, we
make the following observation: if u$#u$, not only will we get disagree-
ment percolation in the above sense, but in the state u§ x u this percola-
tion will be over sites x where

(01(x), 02(x)) = (1{x), n.(x))
=(1,0) for x even

=(0,1)  forx odd (3.13)

The reason is that u§#u$ is equivalent to u®xu®+#pu®xu®, implying the
stability in u§ x 49 of the configuration (7,, 77,) as given in (3.13).

3.4. The g-State Potts Model

In this case S={1..., ¢}. The Hamiltonian (2.1} is specified by taking
J>0,h=0, and U(a,b)=0if a=b, Ula,b)=—1if a#b.

It is straightforward to see that g(H)={#,:ae S}, where n,(x)=a
for all xez“.

A very useful way to analyze the Potts model is to take the FK-
representation of Fortuin and Kasteleyn.”"* For that we let /(b)=0, 1 be
a bond configuration. A bond b= {xy) is connecting nearest neighbors
x~ yeZ? and it can be open [I(b)=1] or closed [I(b)=0]. We will say
that {(x,y>nA#Z if xeA or ye A (or both). In A <=Z“ we fix a bond
configuration / by assigning to all bonds 6=<{xy) (connecting nearest
neighbors x ~ y at least one of which is inside A) the value 1 or 0. For
bond percolation see the definitions in Grimmett!'”’ The event that 0 is
connected to infinity through a chain of open bonds is denoted by
{00} <{0,1}% We define the following expectation for functions
f(o4) of the Potts model variables o, in the volume A with boundary
conditions &:

1
<f>i(l)=?;,—)2f(0,1) [ dob(x), a5(»)) (3.14)

x> AAS Ly yy=1

Here 6 is the Kronecker delta, and n,(/) is the number of connected
I~clusters in the volume A so that the expectation (3.7) is normalized. The
configuration g% is defined as in (2.4). The reason for introducing (3.7) is

822/80/5-6-30
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that the Potts model expectations in volume A with boundary conditions
can be written as

ZA(ﬁ é zllbn!‘lgplb(l )l—lbqn4(1)<f>i(l)
R (3.15)

_/;_1

,ufo(f)

when we put p=1—e¢ Here vq . 1 denotes the finite-volume Fortuin—
Kasteleyn measure (or random cluster measure) on the bond configura-
tions whose weights are defined by (3.15). Note that implicit in our defini-
tion is the boundary condition for the FK measure: using the terminology
in Aizenman et al,® v¥  is the finite-volume FK measure with wired

boundary conditions. The infinite-volume limit of v}*, , will be denoted
by VFK (2,17,18)

Proposition 3.5. For the Potts model, (2.8a) holds. Moreover, if
d=2 and u}#u% for n,n' € g(H), then

03(0)=0 (3.16)
and obviously also

0}'(0) =
Proof. (2.8a) is easily proven by using the formula
a — _l g—1 FK
ﬂ/,(a(O)—a)—q+ —q— Vq‘ﬂ({OHOO}) (3.17)

[see Theorem 2.3, formula (2.19), in Aizenman et al.'®; see also Fortuin
and Kasteleyn**)] and that given the coupling between ¢ and / implicit in
(3.14) and (3.15), o(x)=a if x belongs to one of the bonds in the infinite
cluster of open bonds. By (3.17) the latter exists a.s. in the coexistence
region, because there uj(c(0)=a)>1/q [Theorem 2.4, part (b), in
Aizenman et al.®].

To prove (3.16), let us con31der the FK measure v¥ o b K associated to the
extremal Potts measure uj. The vE ,, is translation 1nvar1ant [ Theorem 3.1,
point (a), in Grimmett"'®] and ergodlc under translations [ Theorem 3.1,
point (¢), in Grimmett'”)]. Moreover, it is known that this measure is also
attractive."'>>!718) The reflection invariance is easily proven with the same
argument used in the proof of Proposition 2.1 for the same property,
because v ﬁ is FKG. A straightforward adaptation of the main theorem in
Gandolfi et a0 to the case of bond percolation allows us to conclude
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that if there is percolation of open bonds, outside any box containing the
origin there is a circuit of open bonds surrounding the origin (a.s.). Again
by the coupling between ¢ and /, we have that if 67(1)> 0, then uj-as.
every point is surrounded by a circuit on which o(x)=a. By (2.8a) we
conclude. |

Remark. Note that in d=2 for g¢g>4 the “magnetization”
u“({o: a(0)=a}) is believed to be discontinuous at f=f,.'* Therefore, in
the two dimensional Potts model the lowest density of a ground-state con-
figuration for which we know there is percolation is 1/4 4 ¢ (for arbitrary
&> 0) and is obtained for ¢ =4 in the corresponding Gibbs state just below
the critical point.’

3.5. Widom-Rowlinson Lattice Model

The statements (2.8a)—(2.8¢) hold also for a class of models first intro-
duced in Wheeler and Widom.** They are “spin-1” models with single-site
state space S={-—1,0, +1} and Hamiltonian (2.1) determined by
Ula, b)=ab(1 —ab), Vla)=a? 0<J< oo, and h>0. This model was
shown to have a phase transition by Lebowitz and Gallavotti (23) and to
be attractive by Lebowitz and Monroe.

The detailed analysis of these models follows along standard lines.

4. CONTINUUM MODEL

The continuum Widom-Rowlinson (WR) model®® consists of par-
ticles of type A and type B having positions in R and fugacities z, and zg,
respectively, whose interaction consists of the hard-core constraint that the
centers of any two particles of different type must be at least distance R
from each other. Cassandro et al.'® show how this model can be obtained
from a lattice model of the type described in Section 3.5.

More precisely, we take AcR? a finite Borel set and let
X =(Xy,.., Xy,) [respectively y=(y,.., Yn,, Where N, and Ny are positive
integers, denote the position of particles A (respectively B), x,, y,e 4 for
i=1,.,N, and-j=1,.., Ng. Call X the space of a o-finite integer-valued
measures over 4 (amd its Borel sets); our probability space will be
Q=XxY (X=7Y will have the topology of weak convergence, that charac-
terizes its Borel sets). By separability, any element of X can be written as
Yici0y, (IcZ, |I| <o) and so we will use the notation N,(w), Ng(w),

* This is similar to the case of duplicated Ising variables; see example 3.3.
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x(w), and y(w) for we Q with obvious meaning. The constraint that is
imposed is determined by the hard-core length R:

min [x;— y;| >R (4.1)
ij

Letting I[x,y] denote the indicator function corresponding to (4.1)
(I AM x A > {0, 1}), we put

Zyy = dAny(x) dAn(p) 11X, y] (4.2)

ANA x ANB

for diy(x)=d“, ---d“x, the N-product Lebesgue measure. Fixing the
fugacities z,,z5>0, we then have for the grand canonical partition
function of the WR model

ZQAZNBB Z4 (43)
Ny Nal Nyl e '
We will be mostly interested in the case z, = zg =z, for which we adopt the
notation =(4, z).

So far we have not spoken of boundary conditions. Obviously we can
fix the position of some particles by introducing extra constraints [ beyond
(4.1)). For example, we speak of boundary conditions of type A if we
replace I[x, y] in (4.1) by I,[x,y1=1{x,y] I*[ y], where I*[ y] is the
indicator function corresponding to

inf |y;—x|>R (4.4)

JixeA 4

Analogous definitions and notations apply for boundary conditions of type
B. The grand canonical partition function is then changed into Z,, corre-
sponding to the boundary conditions of type y= A, B.

The finite-volume Gibbs measure u’, for-boundary conditions y= A, B
gives the probability of finding the particles in certain regions of A. If we
condition on having N, type A particles and Ny type B particles in 4, the
random field will have density

() Watw) = Na, Np(e) = Ny I
iy, diyg (@) T Z4 W NAINg!

I(w) (4.5)

in which I(w) =I[ x(w), y(w)](w e Q) and analogously for I(w); see (4.1).
The infinite-volume measures are denoted by 4" and can be obtained as a
limit from x4, as 4 7R The existence of such a limit as well as other
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properties of the limiting measures are proven by Cassandro et al.® and
Lebowitz and Monroe.®>’ The measure u” does depend on the boundary
condition y if z, =z =z and z is sufficiently large.®’ Analogously, define
u as the infinite-volume limit of 4 ,, defined as in (4.5) with I (w) replaced
by I{w).

Clusters and Percolation Probability. Define the function
Sp: Ax{w: Iwy=1} > {A, B, W} as

A if  dist(x(w), {x})<R/2
Sp(x) =Sp(x, w)=< B if dist(y(w), {x})<R/2 (4.6)
w otherwise

We can imagine the function Sp coloring the volume A in red (A), black
(B), or white (W). From now on take y, d € {A, B}. The y cluster at the
origin [C g(w)] will then be defined as the connected component of
Sp(-, @)~ '(y) that contains the origin [ C?= & if Sp(0) #y]. The percola-
tion probability is thus defined as

6(6) = W ({w: diam(CYw)) = o0}) (4.7)

Proposition 4.1. Using the notations and definitions above with
z=1z,=1zg, we have

pA(Sp(0) = A) —uP(Sp(0) = A) = 64(A) — 6*(B) (4.8)
implying
OMA)> <=t #u® (4.9a)
Ind=2,
64(B) =0 (4.9b)
and
OMA) >0 <>t £ 1 (4.9¢)

Remark 1. (4.8) says that the particle clusters in the WR model play
a similar role to the random clusters in the FK representation of the Potts
model. We believe this to be the first example where such a direct relation
between the ‘order parameter’ and the cluster geometry is found. Note also
that by attractivity®’ the left hand side of (4.8) is zero if and only if the
A phase is different from the B phase.
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Remark 2. We believe that the results in the proposition partially
extend to the case where a hard-core condition is added between alike par-
ticles. The problem is that in that case the WR model loses the FKG
property (defined for this model below) and, even if the core of the argu-
ment does not rely at all on attractivity, not having FKG would require
extra technicalities related to the existence of infinitely volume-limits.

Remark 3. So far we have assumed for simplicity that the fugacities
of the two types of particles are equal, z, = zg =z. Note, however, that if,
says z, =z, then u, . stochastically dominates ;z, .. where we now
explicitly indicate by subscnpts the fugacities of A-type, respectively B-type,
particles. This implies that if in u2 , there is percolation of A-type particles
(as in the phase coexistence regime z>z,), then we get the same result for
all A-particle fugacities z, > z. Suppose we now integrate out the positions

Fig. 3. A portion of a configuration of A (darker) and B (lighter) particles. There is an A
cluster at the origin and it is separated from the other clusters by a white layer.
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of the B particles. A simple calculation shows that we get a new measure
for the A particles where now z (previously the fugacity of the B particles)
plays the role of an inverse temperature. In that measure, for z>z_, the A
particles percolate for all values z, > z.

Idea of the Proof. Consider an A cluster covering the origin. If it is
bounded, then, by the hard-core constraint, there is necessarily a white
region surrounding it; see Fig. 3. This effectively screens the origin from the
external boundary condition. Therefore this contribution to the probability
of having an A particle at the origin is the same in all states (i.e., regardless
of the boundary conditions). What remains is the probability that the A
cluster extends infinitely far. This idea can be most easily implemented
through a discretization of the space.

Proof of Proposition 4.1. First we recall the result by Lebowitz and
Monroe,®*> which says that y is attractive with respect to the order >,
w>w' if Sp(x, w)>Sp(x, w') for all xe R’ (the order in {A B, W} is
A>W3>=B).

Take A’ = A< R? two spheres. Define the finite-volume percolation
probability as 67(; 4, A') =’ (CYw) N dA’' #* &) and by definition that

lim lim 8"(5; 4, A")=6"(d) (4.10)

A R A ~RY

By the FKG property of u it is straightforward to see that the limits in
(4.10) exist and that this limit can be computed in several other ways, for
example, 0%(d)=1im,_ . 6%(5; A(R), A(R/2)), where A(R) is the ball of
radius R. Take ¢ > 0 small and cover R with a grid of spacing ¢. Disregard-
ing boundary problems, this naturally defines a partition of R into squares
of sidelength & (e-squares). To control the errors made by the space dis-
cretization, we define

G(e) = {w: dist(x, y) > R + 6de, |dist(x, d4') — R| > 6d,
|dist(y, 64') — R| > 6dE,
[|x;— x| — R| > 6de, i #k e {1,.., Nx(w)}} (4.11)

A simple argument by contradiction yields the existence of 4 ,(¢) =0,
vanishing as ¢ |0 and such that

HL(G(e)) > 1 —4 () (4.12)

with ye {A, B}.
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The union of a finite number of e-squares is an e-cluster at the origin
if the interior of this set is connected and if it contains the origin. Denote
by %. the set of ¢-clusters at the origin (J € %,).

We are now going to define a subset of @ characterized by having a
certain element of %, as minimal é-covering of the corresponding maximal
cluster at the origin. More precisely, given Ce €, define

A (C)={w: Cy{w)cCandforall C'e¥,, C'<cC, Co(w) ¢ C'} (4.13)

[Recall that C%(w) is defined right before formula (4.7) and it denotes the
original cluster at the origin, with no discretization. ] We have then by con-
struction that the probability to find an A particle at the origin is

ASp(0)=A)= ¥ ulAON+ Y ph(H(C) (414)
CnoA'= Cnod' =
where the sums are over C e %(g). We deal with the two terms in the right
hand side of (4.14) separately.
First of all observe that by (4.12)

Y, uhe(O)- Y #3(&4(0)’

CnoA' = Cnot' =g

<24 4(e) +

2 (u4(HLC) 0 G(e)) —p (A C) G(s)))‘ (4.15)
C

Define 6Cyy, to be that subset of Q such that Sp(x, w)=W for all x con-
tained in an e-square adjacent to the outer boundary of Ce %, (that is the
external connected component of the boundary). Since < (C)n G(e) <
A(C)ndCy we can continue (4.15), obtaining

DI (S ED) #3(%(6'))‘

Crad' =g Crod'=@

<44,4(e) + Y Ini(HA(C) 0 0Cw) —pi({C)nOCy)|  (4.16)
C

By the Markov property of the u’, the sum in the right-hand side of (4.16)
is zero. This is because by conditioning it is straightforward to see that
every term in this sum is equal to

U (C) | 0Cw) u (I* | 0Cy) u4(0Cy,)
#A(IA)

_ HA(H(C) ] 0Cyw) paI® | 9Cw) pA(OC)
wAT®)

=0 (4.17)
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where p , corresponds to the Gibbs distribution with free boundary condi-
tions. The last equality follows because of the symmetry under exchange
A — B. Hence

Y HAE(ON— Y pAA(O)|<4d,40e)  (418)

Crot =g Crad =

The absolute value of the difference between the second term in the
right hand side of (4.14) and 6(A; 4, A') is, by the definition (4.11) of
G(¢), smaller than 4 ,(¢). Combining this with (4.18) and writing (4.14)
also for the measure u5, we get

|u(Sp(0) = A) —u3(Sp(0) = A) + 6%(A; 4, A") — 0%(A; 4, 4')| <64 ((¢)
(4.19)

Hence the left-hand side of (4.19) is zero. The result (4.8) follows by taking
the limits as indicated in (4.10). Condition (4.9a) follows from (4.8) and
Remark 1.

In the case of two dimensions (d=2), we use a generalized version of
Theorem 2, extending the statement without difficulty to the continuum.
This ensures that if §*(A)>0, then 83(A)=0 and then [by (4.8)] that
u® #u® If 62(A)=0, then the right-hand side of (4.8) is zero (by FKG)
and so u*(Sp(0) = A)=uB(Sp(0)=A), which (as remarked above) implies
that u*=uB |

Note: After the completion of this work, we learnt that J. T.
Chayes, L. Chayes, and R. Kotecky have obtained results similar to those
of Section 4 of this paper [J. T. Chayes, L. Chayes, and R. Kotecky, The
analysis of the Widom—Rowlinson model by stochastic geometric methods,
Preprint (1994)].
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